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Abstract 

In a previous paper I showed that a classical scalar potential with 
V" /V ~ 1 can be sufficiently flattened by quantum corrections to give 
rise to slow-roll inflation. In this paper I give a hybrid inflation imple- 
mentation of that idea which can naturally produce a spectral index in the 
observationally viable range even for V 1 / 4 ~ 10 10 to 10 11 GeV. Although 
any observationally viable spectral index can be obtained, the model does 
predict a distinctive spectral shape. 



1 Introduction 



Slow-roll inflation |T|, || requires an unusually flat scalar potential. This is quan- 
tified by the conditions 

(i) 



and 




M P1 



(2) 



where Mpi = l/V87rG. The first condition is generally not difficult to achieve; 
one simply needs to be sufficiently near an extremum of the potential with pos- 
itive potential energy. In many cases 'sufficiently' just means <C Mpi from the 
extremum, which is almost difficult to avoid! 

However, the second condition presents the most, perhaps only, serious obsta- 
cle to building a model of inflation || ||. This is because the positive potential 
energy required for inflation spontaneously breaks supersymmetryQ, generically 
inducing 



V 



V 



for all scalar fields |6], |3|, || , and in particular for the inflaton || Q . The ~ holds 
when the field has no supersymmetric mass and the supersymmetry breaking is 
only communicated via gravitational strength interactions. 

Many models of inflation are built ignoring gravitational strength interactions, 
and so are implicitly setting Mpi = oo. Clearly one cannot achieve Eq. (^) in this 
context. Models of inflation built in the context of supergravity have traditionally 
resolved this problem by fine tuning, either explicit or implicit. Only recently have 
there been any plausible proposals for solving this problem. 

The firstf] was given in Refs. || |J. It employed forms for the Kahler potential 
that had been derived from weakly coupled heterotic string theory, in combination 
with a subset of the modular symmetries, to cancel the supergravity corrections. 
This method should also work in appropriate limits of M-theory. It requires 
an inflationary energy density well above the vacuum supersymmetry breaking 
scale, I/ 1 / 4 > M s ; M s ~ 10 10 to 10 11 GeV in our vacuum for gravity mediated 
supersymmetry breaking. A natural implementation of this method would be to 
have the non-perturbative physics that leads to gaugino condensation at a scale 



1 To build a model of inflation, not to mention the rest of particle physics, in the absence 
of supersymmetry seems hopeless. For an introduction to supersymmetry and supergravity, see 
Ref. §• 

2 Natural inflation j7j naturally achieves a small V" by assuming an approximate global 
U(l) symmetry, but does not naturally satisfy Eq. (|J) because V vanishes in the limit where 
the symmetry is exact. A hybrid natural inflation model might avoid this problem though, as 
was noted in Ref. M. 
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A gc ~ 10 13 GeV in our vacuum generate the inflationary potential at a similar 
energy scale V l / A ~ A gc . It should be possible to stabilise the moduli during 
inflation by the same method that stabilises them in our vacuum, though the 
transition from inflation to vacuum could be dangerous if the end of inflation is 
not sufficiently smooth. A simple model of inflation with the appropriate energy 
scale and a smooth end to inflation was given in Ref. 0. This method has the 
practical disadvantage that it requires detailed control of the effective supergravity 
theory, but otherwise remains very promising. 

It was also noted in Ref. [[| that the supergravity corrections could be avoided 
if the inflationary potential energy was dominated by the D-term, and a hybrid in- 
flation 1 10, || implementation of that idea was constructed with a Fayet-Iliopoulos 
term dominating the energy density. The main problem with this method is to 
obtain a Fayet-Iliopoulos term at a low enough energy scale to obtain the COBE 
normalisation for the density perturbations, but at a scale higher than the F-term 
supersymmetry breaking to avoid the F-term supersymmetry breaking inducing 
too large a mass for the inflaton. The stabilisation of the moduli, the dilaton 
in the case of the heterotic string, may also be a serious problem. A Fayet- 
Iliopoulos term does arise in many compactifications of the heterotic string (|TT|] , 
but its scale, typically Vp 1 / 4 ~ 10 17 to 10 18 GeV, a conservative lower bound being 
Vp/ 4 > 2 x 10 16 GeV, is at the limit of being too high for any type of inflation to 
meet the COBE constraint |4[], and in particular is always too high if the slope 
of the inflaton's potential is dominated by the loop correction as in Ref. [|T2]] , 
in which case the COBE normalisation requires ~ 5 x 10 15 GeV. However, 



in M-theory scales are more flexible fll3| , and so it may be possible to obtain a 



Fayet-Iliopoulos term at a sufficiently low scale. There still remains the problem 
of stabilising the moduli. One possibility would be if either the gauge coupling, or 
the Fayet-Iliopoulos term itself, had a large non-perturbative dependence on the 
moduli. Whether this can be achieved at the same time as having a sufficiently 
low energy scale for the Fayet-Iliopoulos term remains to be seen. Another possi- 
bility would be to generate the Fayet-Iliopoulos term by field theory methods at 
a lower energy scale, but as this probably requires F-term supersymmetry break- 
ing it may be difficult to avoid the inflaton getting too large a mass from this 
source. Especially in this latter case, one might also have to consider the inflaton 
dependence of the gauge coupling and Fayet-Iliopoulos term, which could provide 
an effective mass for the inflaton. 

The method of [14] uses a global Heisenberg symmetry, which has been de- 
rived from string theory at tree and one loop level, to cancel the supergravity 
corrections. The stabilisation of the modulus that forms an integral part of the 
mechanism is a serious problem for this method. This is the only method that 
could conceivably implement the naively popular <p n chaotic inflation models. 

The method of |T5| is somewhat complex and requires specific couplings of a 
Goldstone boson to the inflaton, but is an interesting possibility. 
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In this paper I will use the method of Ref. J8]. It has the advantages that 
it does not require any special features of the high energy theory, and can be 
implemented at the scale V 1 / 4 ~ 10 10 to 10 11 GeV where the moduli are already 
stabilised. 

I will rely heavily on Ref. ||. The reader would benefit from reading it first. 
From now on I set Mp\ = 1. The potential of the model (see Figure [l]) is [§ 



V{(j>) = V 



l/( e ln0)0 2 + ... 



(4) 



with f(0) ~ 1, the minimum value expected in a generic supergravity theory, and 
e< 1. The function / is determined by the renormalisation group running of the 
mass of the inflaton 0. The potential is assumed to have a maximum at = 0*, 

1 /2 

with V <C (f>* *C 1. We then have /* = 0(e), allowing slow roll inflation near 
0* |§. We are free to choose 0* = e" 1 ^, so that /* = /(— 1). 

The most natural scale for the potential is Vq ~ M s 4 , where M s is the super- 
symmetry breaking scale in our vacuum. I will take M s ~ 10~ 8 corresponding to 
gravity mediated supersymmetry breaking. In this case the COBE normalisation 
gives 0* ~ 1CT 11 and so e ~ 0.04 ||. In Section |2|, e will be derived from a gauge 
coupling of strength similar to that of the GUT gauge coupling inferred from the 
LEP data, ckqut ~ 0.04. It is worth noting that the fact that M s is so small is 
crucial to our being able to achieve slow roll inflation without fine tuning. 



2 The renormalisation group 

In this section I will give a rough derivation of the function /(eln0). The inflaton 
gives masses proportional to its expectation value to the fields to which it 
couples, and so acts like an infra-red cutoff to the renormalisation. I will 
assume that is charged under some asymptotically free gauge group and for 
simplicity neglect the Yukawa couplings. Defining 

x = e In (5) 

so that x* = —1, the renormalisation group equation for 0's mass becomes 

dml 2ca 



dx Tie 



m (6) 



where c is the quadratic Casimir invariant of 0's representation under the gauge 
group. For example, c = 3/4 for a fundamental representation of SU(2) and 
c = 4/3 for that of SU(3). a = gl ange /4:Tr, where g g au g e is the gauge coupling, m 
is the gaugino mass. The renormalisation of a is given by 

da ba 2 , . 

dx ~ ~2rTe ^ ' 
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where, for example, b = 3N C — Nf for an SU(iV c ) gauge group with Nf pairs of 
fundamentals and antifundamentals. b > corresponds to an asymptotically free 
gauge group. The renormalisation of rh is given by 

a(x)m(0) 



mix) 



a(0) 



Integrating these equations gives 



ml(x) = -mj(0) 



A 



l + l^x 



where 



.4 



2c / m 2 (0) 



To lowest order, e is defined by m\{—l) = 0, which gives 

b 



e = a(0) 



2^ 



A + 1 + JA(A + 1 



Therefore 



where 



m 



l(x) = -(A + l)ml(Q) 



Woo + 1 + X y 



Uoo = A + ^JA{A + 1) . 
The potential, Eq. (|J), is then 

V(<P) = V + \ml(e\n<P)4> 2 + 



(8) 



(9) 
(10) 

(11) 
(12) 
(13) 

(14) 



with m^(eln0) given by Eq. (|T2"D and m2(0) ~ — V c 



3 Initial conditions 

In Ref. 0, I said that the above model with the slow roll inflation occuring as 
<p rolls from the maximum at <p = 0* towards the false vacuum at <p = 0, had 
problematic initial conditions. Here, I argue to the contrary that this model has 
very natural initial conditions if we choose the vacuum at <p > <P* to be another 
false vacuum. Then the inflaton will be easily trapped in the large false vacuum 
potential well at > 0*, giving rise to eternal old inflation. There will be 
an extremely small, but finite, chance that quantum fluctuations will kick to 
the top of the barrier at = 0*, where once again eternal inflation occurs. The 
chance that this will happen is extremely small, but, because it is finite, it will be 
more than compensated for by the two lots of eternal inflation. Thus the initial 
conditions for the slow roll inflation, = 0*, are naturally obtained. 
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4 Slow roll inflation 



As we are focussing on the case where the slow roll inflation occurs as (ft rolls off 
the maximum at <fi = 0* towards the false vacuum at = 0, it will be convenient 
to define 

V = eln f^J = -1 - x, (15) 

so that y* = and y > during the slow roll inflation, and 

g(y) = -/(*) - |/'(x) , (16) 

so that = 0, g > during the slow roll inflation, and g* = fi + 0(e). Eq. (19) 
of Ref. [HI then becomes 



3-> l-Jl- Ag/3 



(17) 



Following Section EL we take as an example 



g{y) = a 



Vc 



Voo - y, 



with 



a=(l + A)/(O) + 0(e) 
and t/oo given by Eq. (|T3|). Then 

. 2a 
= — • 

2/oc 

With this choice for g, we can integrate Eq. fll7|) to give 

In 



r=-<lny+(l 



l 



l 



4o 



This is only valid for g < g^ = 3/4 or 

y < y& = yoo 1 1 



4a . 



or 



1 /, 1 

r < r fr = — lnj/fr + 



i + f 

4a 



2 + ln2 



(19) 
(20) 

-2 + ln2 
(21) 

(22) 
(23) 



For r > Tf r , fast rolls towards = 0. I will neglect the small number of e-folds 
of inflation during this fast rolling stage. During slow roll, y <C 1 and g <C 1, and 
so! 

r~r sr = — my. (24) 
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5 Ending inflation 



To end inflation, one must use a hybrid inflation type mechanism [|10], ||, [16| to 
exit from the false vacuum at some critical value C < 0*. 

A standard hybrid inflation exit from the false vacuum [|1(| , with the new field 
if) also having a mass squared rrvL 
the fields, 



Vq f[7| > an d with a coupling A < 1 between 



V( ( p^) = V + ^[g(y) + O(e)]V c 



\m%if? + ~A 2 0V + • • • (25) 



Ref. 



less dangerous 



would give C = m^/X > 10~ 16 , or y c < 0.46. Typically, g c > 3/4, in which case 
will be fast rolling at = C making the precise value of C not very important. 

Such a hybrid inflation exit from the false vacuum may lead to a large spike in 
the spectrum [|l7j], which could be dangerous. In our model, contrary to that of 
|T7jj , the inflaton is typically fast rolling at = C which may make the spike 
TjJ. If dangerous, such a spike could be avoided by a mutated 
hybrid inflation type exit from the false vacuum || [TE|, [Tj|. For example, one 
could naturally have an additional term ~ Vo(fnf) in the potential which would 
avoid the spike but leave C essentially unchanged. As the gauge coupling is 
getting stronger as is decreasing, it is also conceivable that the exit from the 
false vacuum might be controlled by strong coupling effects. 

Finally, there will be a stage of non-slow roll inflation [17] in which if> rolls 
from if) = if>- m it ~ 10~ 16 to our vacuum at ip = ip vac ~ 1. It will last for 



Vq 
2ml 



37Vq 
2ml 



1 + 



1 + 



\ 



1 + 



4m| 



\ 



1 + 



4m| 
Wo 



In 



lf>v 



(26) 
(27) 



10 , and assuming that thermal inflation [19] occurs after this in 



e-folds. 
For V 

flation, observable scales would leave the horizon between 20 and 30 e-folds before 

If reheating was rapid and there was no thermal 

For 



the end of this inflation 
inflation, this would be increased to between 40 and 50 e-folds at maximum. 



m, 



V , Eq. 



gives Njj = 47, so that even in the latter case observable 



scales would leave the horizon during this non-slow roll stage of inflation leading 
to an unacceptable spectral index. To get observable scales safely leaving the 
horizon during the slow roll inflation, say at least between 10 and 20 e-folds be- 



fore reached = 
thermal inflation, and N, 



would require < 10 and so m^ > 8Vo in the case with 

> 1.7Vq in the case without. The 



i> 



< 30 and so m^, 



latter requirement is clearly not very severe, and even the former is not unreason- 
able. For example, V(ip) = \Vq [1 + cos(27T0)], which has a period of one, gives 
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mB, = 2ir 2 V(). However, I do not find this feature of the model entirely satisfactory 
in the case with thermal inflation. 



6 The spectral index 



To lowest order in the slow roll approximation, the spectral index is 



Eqs. 



n = 1 + 2^ = 1 + 2g[ (y - e) 
and Q23|) then give 



(28) 



n = 1 - 2egi + 8a 1 



1 + f 

4a / 



exp 



(iv - jv fr ) - 2 + 



1 + f 

4a 



(29) 



where N — iVf r = (r& — r)/e is the number of e-folds of inflation from the scale k cx 
e _iV leaving the horizon to (f) = 0f r . From the discussion of Section |5|, one might 
expect observable scales to leave the horizon during the interval N — iVf r ~ 10 to 
20. I have been assuming that (p c < 0f r , as will usually be the case. If (p c > 0f r , 
inflation may end slightly earlier so that one should take a slightly larger value of 
N - JVfr. 

A more accurate but implicit formula is given by using |2T| 



V" V'V" 2 V"\ 

n = 1 + 2 — + 2.13 =- + - — 

V V 2 3\V J 

= l + 2(g- eg') - 2.Ueg (g' - eg") + \{g - eg') 2 



(30) 
(31) 



and Eq. (pT|) instead of Eq. Some example spectra and spectral indices are 

plotted in Figures El and respectively. 



7 Conclusions 

In a previous paper || I described how to construct a potential flat enough for 
slow roll inflation without fine tuning and without making any assumptions about 
the high energy theory. In this paper I have emphasised an implementation of 
that idea which can naturally produce an observationally viable spectral index 
even for V 1 / 4 ~ 10 10 to 10 11 GeV. Although any observationally viable spectral 
index can be obtained, the model does predict a distinctive shape to the spectrum, 
given to lowest order in the slow roll approximation by 

P{k)=Qk- 2v exp{ak") , (32) 
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or in terms of the spectral index 

n(Jfe) = 1 - 2u + (xz/F , (33) 

which may allow it to be distinguished from other models of inflation by suffi- 
ciently precise observations. The extra power on small scales, for a given tilt 
on larger scales, may be helpful for mixed dark matter scenarios of structure 
formation. 

Finally, I will compare the model with that of Randall, Soljacic and Guth 
(RSG) [17]]. The models share some of the same motivations and features, such 
as to use the flat directions characteristic of supersymmetric and string theories, 
lifted by supersymmetry breaking at a scale M s ~ 10 10 to 10 11 GeV, to drive 
inflation. Both also use a hybrid inflation type mechanism to exit from the false 
vacuum. However, they also have important differences: 

1. RSG fine tune the inflaton's mass while our model uses the method of 
Ref. ||, i.e. the renormalisation of the inflaton's mass that would be present 
anyway, to obtain a mass small enough for slow roll inflation without fine 
tuning. 

2. The numbers tend to work out better here, e.g. the coupling A involved 
in the hybrid inflation mechanism does not need to be small; our small 
parameter e is derived from a gauge coupling of the order of the GUT gauge 
coupling inferred from the LEP data. The only parameter we may have to 
tune slightly is the mass of the other field involved in the hybrid inflation 
mechanism, but even this was to a lesser extent than in RSG. 

3. The possible spike in the spectrum produced by the hybrid inflation mech- 
anism is probably less dangerous here because the inflaton will typically be 
fast rolling at this point. 

4. The spectral index in RSG is n > 1, while our model can give n < 1 which 
may be preferred by observations. 

5. The spectrum has a significant bend. It is not clear whether this is an 
advantage or not, but is at least observationally interesting. 
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Figure 1: The potential Eq. (4), with / given by Eqs. (16) and (18), for /(0) = 1 
and A = 0.5. The potential energy at = is subtracted and the normalisation 
is arbitrary. The number of e-folds of inflation until the inflaton starts to fast roll 
towards = is plotted on the same graph. The smallest and largest observable 
scales might be expected to correspond to iV — N iT ~ 10 and 20, respectively, 
though there is considerable uncertainty in this estimate. 
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